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An outstanding problem in combinatorial theory is to determine the maximum 
number of vertex-disjoint cycles in the n-th order de Bruijn graph G, . A related 
problem is to determine the minimum number of vertices which, if removed 
from G, , will leave a graph with no cycles. 
Both problems are discussed and it is shown that for n < 8 the same number 
is attained for both. Further results indicate that the same is likely to be true 
for all values of 12. 
1. INTRODUCTION 
The n-th order de Bruijn graph G, is a directed graph with 2” vertices, 
labeled by the binary n-tuples x = (x1 ,..., x,), xi E (0, 1}, and 2n+1 arcs. 
The vertices x = (x1 ,..., x,) and y = (J+ ,..., yn) of G, are joined by an 
arc, directed from x to y, if and only if 
Yi = xi+1 , i=l )..., n - 1. (1) 
A factor of G, is a subgraph formed by a set of vertex-disjoint cycles 
(directed circuits) which, together, include all the vertices of G, . A factor 
which contains the maximum possible number of cycles will be referred 
to as an extremal factor. 
An outstanding problem in combinatorial theory is to determine the 
number of cycles in an extremal factor of G, . Golomb [l] conjectured: 
Conjecture 1. The number of cycles Z(n) in an extremal factor of G, 
is given by: 
Z(n) = ; gn d(4 znld, (2) 
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where the summation extends over all positive divisors d of n and #J is the 
Euler #-function. The first ten values of Z(n) are listed in Table 1. It is 
well known [I] that, for each n 3 1, there exists a factor of G, with Z(n) 
cycles, but no promising method of proving that this number cannot be 
exceeded has yet been discovered. Various aspects of the problem are 
discussed in a recent publication [2], where it is also shown that the 
conjecture is true for all n < 6. 
TABLE 1 
The First Ten Values of Z(n) 
?I 112345 6 7 8 9 10 
z(n) / 2 3 4 6 8 14 20 36 60 108 
In this paper, the problem is approached by proposing and discussing 
yet another pair of conjectures. 
Conjecture 2. The number of cycles in an extremal factor of G, is 
equal to the minimum number of vertices which, if removed from G, 
will leave a graph with no cycles. 
Although this conjecture need not be true for a general directed graph, 
it is believed to hold for the de Bruijn graphs. 
Conjectures 1 and 2 are independent of each other, but both are weaker 
than and implied by: 
Conjecture 3. The minimum number of vertices which, if removed 
from G, , will leave a graph with no cycles is Z(n). 
Of all three conjectures, the last one seems to be the easiest to verify 
for a given n. A simple procedure for verifying Conjecture 3 is derived 
and its validity is established for all n < 8. Also, some related results are 
obtained which, it is hoped, will lead to a confirmative proof of all three 
conjectures. 
2. EXTREMAL FACTORS AND MINIMAL V-SETS 
Consider the set of binary n-tuples B”, formed by the n-th Cartesian 
power of B = {0, 1). We define the relation x + y (read: “x precedes y,” 
or “y succeeds x”) in B” by: 
X--+Y iff 62 3..‘, XT&> = (Yl ,..‘, Yd (3) 
By (1) and (3), the vertices x and y of G, , x, y E B”, are joined by an arc, 
directed from x to y, iff x -+ y. 
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For x = (x1 ,..., x,) E B”, we define 2, the conjugate of x and 2, the 
companion of x, by 
2 = (Xl ) x2 )..., x,) 
and 
x’ = (Xl >..', X,-l , %A 
where X-< denotes the Boolean complement of xi . One easily verifies: 
LEMMA 1. If x --f y then the only alternate successor of x is y’ and the 
only alternate predecessor of y is 2. 
A subset S of B” is called a v-set of G, if every cycle of G, contains at 
least one vertex belonging to S. A smallest possible set of vertices with the 
v-set property is called a minimal v-set. Evidently, if all the vertices of 
a v-set are removed from G, the resulting graph will be acyclic. A vertex x 
of a directed graph is called a source (sink) of the graph, if x has no prede- 
cessors (successors). Since every acyclic graph contains at least one 
source (and sink), it follows from Lemma 1 that: 
LEMMA 2. Every [!-set of G, contains at least one pair of conjugate 
vertices x and 2. 
It is clear that if x + y then every cycle of G, which contains x or 2 
must also contain y or y’ and vice versa. Therefore: 
LEMMA 3. If S is a minimal v-set of G, with x, 2 E S and x -+ y then 
neither y nor y’ belongs to S and the set S* obtained from S by replacing 
the pair (x, 2) by the pair (y, y’) is also a minimal v-set of G, . 
Let r be an operator on the subsets of B* which replaces all conjugate 
pairs (x, 2) in a set by the corresponding companion pairs (y, y’). Thus, 
if S C Bn and S* = Sr then, by Lemma 3, S is a minimal v-set of G, iff S* 
is a minimal v-set of G, . Also, if S is a minimal v-set then Sr # S. 
Now, let F be a factor of G, and let QF be a subset of B” which contains 
exactly one vertex from each cycle of F. Such a set Qp will be referred to 
as a representative set of the factor F. 
Since the number of cycles in any factor of G, cannot exceed the number 
of vertices in a v-set of G, , we have: 
LEMMA 4. Let F be a factor of G, and let QF be a representative set 
of F. If QF is a v-set of G, then it is a minimal one and F is an extremal 
factor of G, , 
20 LEMPEL 
Let {Q$‘} denote the set of all representative sets of a factor F. It is 
easily observed that {Q$‘} is closed under r, because, if x and 4 belong 
to different cycles of F and x + y, then also y and y’ belong to different 
cycles of F. Thus, r maps {Qg’} into itself and given any QF E {Q$‘}, the 
sequence of representative sets (QFP}, generated from QF by a repeated 
application of r must ultimately become periodic since we are dealing 
with finite sets. The period of such a sequence is defined as the smallest 
positive integer p such that QFP = QFrk+P for some k > 0. Obviously, 
if p = 1 there exists a k > 0 such that QJ” has no pair of conjugate 
vertices. If, however, p > 1 then it can be shown that each vertex of G, 
will appear in some member of the sequence {QJk} and that every 
member of this sequence is a fl-set of G, . One can easily reach this con- 
clusion by showing that, if QF is not a v-set of G, , then the sequence 
{Q,rk> must eventually run out of conjugate pairs and, therefore, be 
of period p = 1. 
The above discussion may be summarized by: 
THEOREM 1. A representative set QF is a minimal v-set of G, iff the 
sequence (QJk) has period p > I. 
Consider now the operator R on B”, defined by: 
(x1 7 x2 >...2 x,) R = (x, ,...> xv, , XI). (4) 
It is well known [l] that R decomposes B” into Z(n) cycles which form 
a factor of G, . The cycles generated by R for the first eight values of n 
are listed in Table 2, where the binary n-tuples x = (x1 ,..., x,J are repre- 
sented by their decimal equivalents x = ~~=, xi2n-i. 
The sets Q&I), 1 < n S. 8, listed below contain exactly one vertex 
from each cycle generated by R: 
Qdl) = (0, 11 
Q&) = @, 1731 
Q&(3) = @, I,%71 
QA4) = (0, 1,9,% 13, 13 
QR(5) = (0, 1, 17, 9,25,21,27, 31) 
QR(6) = (0, 1, 33, 17, 35, 9, 11,41, 51, 21,43,27, 55,631 
QR(7) = (0, 1,65, 33,97, 17,49, 81, 113,73, 37, 101, 51,83, 
115, 85, 107, 91, 119, 127) 
Q&l) = (0, 1, 129, 65, 193, 33, 97, 161,225, 17,49,81, 113, 145, 
177,209,241,73,201, 101, 165,229, 51, 83, 115, 179,211, 
243,85,213, 107,235,219, 119,247,255) 
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The R-Cycles for the First Eight Values of n 
n=l 
8; 
?I=2 
\-, 
(1,2,4,8, 16) 
(3. 6. 12.24. 17) 
(5; 16,26,9; 18j 
(7, 14,28,25, 19) 
(11,22, 13,26,21) 
yj 30,29,27,23) 
n=6 
(0) 
(1,2,4, 8, 16, 32) 
(3, 6, 12, 24,48, 33) 
(5, 10,20,40, 17, 34) 
$9 ;I ;a 56,497 35) 
(1 i ,2i, 44,25,50, 37) 
(13,26, 52,41, 19, 38) 
;;;, ;;; 60,573 51,39) 
(23: 46; 29,58, 53,43) 
(27, 54, 45) 
&62,61, 59, 55747) 
n=7 
(1,2,4, 8, 16, 32, 64) 
(3, 6, 12, 24,48, 96, 65) 
(5, 10, 20, 40, 80, 33, 66) 
(7, 14, 28, 56, 112, 97, 67) 
(9, 18, 36, 72, 17, 34, 68) 
(11,22,44, 88,49, 98, 69) 
(13, 26, 52,104, 81, 35, 70) 
(15, 30, 60, 120, 113, 99, 71) 
(19, 38,76,25, 50, 100,73) 
(21, 42, 84,41, 82, 37, 74) 
(23, 46, 92, 57, 114, 101, 75) 
(27, 54, 108, 89, 51, 102,77) 
(29, 58, 116, 105, 83, 39, 78) 
(31, 62, 124, 121, 115, 103, 79) 
(43, 86, 45, 90, 53, 106, 85) 
(47, 94, 61, 122, 117, 107, 87) 
(55, 110,93, 59, 118, 109, 91) 
[;t7;26, 125, 123, 119, 111, 95) 
tf=8 
(1, 2,4, 8, 16, 32, 64, 128) 
(3, 6, 12, 24,48,96, 192, 129) 
(5, 10, 20, 40, 80, 160, 65, 130) 
(7, 14, 28, 56, 112, 224, 193, 131) 
(9, 18, 36, 72, 144, 33, 66, 132) 
(11,22,44, 88, 176, 97, 194, 133) 
(13,26, 52, 104,208, 161,67, 134) 
(15, 30, 60, 120,240,225, 195, 135) 
(17, 34, 68, 136) 
(19, 38, 76, 152, 49, 98, 196, 137) 
(21,42, 84, 168, 81, 162, 69, 138) 
(23,46,92, 184, 113,226, 197, 139) 
(25,50, 100,200, 145,35,70, 140) 
(27, 54, 108, 216, 177,99, 198, 141) 
(29, 58, 116, 232,209, 163, 71, 142) 
(31, 62, 124, 248, 241, 227, 199, 143) 
(37, 74, 148, 41, 82, 164, 73, 146) 
(39,78, 156, 57, 114,228,201, 147) 
(43, 86, 172, 89, 178, 101, 202, 149) 
(45, 90, 180, 105, 210, 165, 75, 150) 
(47,94, 188, 121,242,229,203, 151) 
(51, 102,204, 153) 
(53, 106,212, 169,83, 166,77, 154) 
(55, 110, 220, 185, 115,230,205, 155) 
(59, 118, 236, 217, 179, 103, 206, 157) 
(61, 122,244,233,211, 167,79, 158) 
ii;, ;;a 252, 249,243,231,207, 159) 
(87: 174,93, 186, 117,234,213, 171) 
(91, 182, 109, 218, 181, 107,214, 173) 
(95, 190, 125,250,245,235,215, 175) 
(111, 222, 189, 123,246,237,219, 183) 
(119, 238, 221, 187) 
{;U;; 254,253,251,247,239,223, 191) 
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We claim that each of the listed QR(n) sets is a v-set of the corre- 
sponding G, and hence: 
COROLLARY. Conjectures 1, 2, and 3 are validfor all n < 8. 
For instance, the sequence of sets generated from Q = QR(4) is: 
Q 
0 
1 
9 
5 
13 
15 
Qr 
-- 
0 
2 
3 
IO 
11 
15 
T 
0 
4 
6 
5 
7 
15 
I 
____ 
;I 4 O 
6 12 
5 5 
14 13 
15 15 
____ 
0 0 
8’ 1 
9 9 
10 10 
11 5 I 11 
15 
Qr’ = Qr 
0 
2 
3 
10 
11 
15 
Note that, in the decimal representation, a pair of vertices x and y of G, 
are conjugates iff x = ~(modulo 2”-l). In this example the period of the 
v-set sequence is p = 6, with QP = Qr, and each set of the sequence is 
a minimal v-set of G4 . Verification of the other QR(n) sets, given above, 
is straightforward and is left to the interested reader. 
3. THE CYCLE ADJACENCY ARRAY 
In this section we derive a necessary and sufficient condition on the 
cycles of an extremal factor which is equivalent to the condition stated 
in Conjecture 2. This condition is then examined with regard to the cycles 
generated by the operator R of (4) and the results obtained seem to be a 
further step in favor of all three conjectures. 
Two cycles C, and Cz of G, are said to be adjacent if they are disjoint 
and if there exists a vertex x in C, such that its conjugate 9 belongs to Cz . 
A cycle C in G, is called reducible if there exists a cycle C’ in G, such 
that the vertices belonging to C’ form a proper subset of those belonging 
to C. Let C be a cycle of length k in G, and let [x(l), D,..., ~(~‘1 be the 
cyclic sequence of the vertices forming C. That is, the successor of xfi) in 
C is xti+l), i = I,..., k - 1, and the successor of xck) is x(l). Suppose that 
along with x(l) C also contains its conjugate i(l) = x(j). Then, by Lemma 1, 
the alternative successors of x(l) and x(j) in G, are x(j+l) and .x@), respec- 
tively. Since these also belong to C, this cycle may be split into two dis- 
joint cycles C, and Cz , formed by the vertex sequences: [x(~),..., ~91 and 
[x(l), x(5+1),..., xck)]. Hence, it is easy to verify that: 
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LEMMA 5. A cycle C in G, is reducible ifs C contains at least one pair 
of conjugate oertices .x and 4. 
A factor of G, is called irreducible if none of its cycles is reducible. 
Thus. if C is a cycle of an irreducible factor F and x is a vertex of C then 
SJ does not belong to C, and to every vertex x of C there corresponds a 
cycle C’ of F which is adjacent to C. Evidently, every extremal factor of 
G, is irreducible. Now, let c(F) denote the number of cycles in a factor F. 
A cycle adjacency array (in short, CAA) of an irreducible factor F of 
G, is an array of c(F) rows and 2”-l columns, formed by the elements of 
Bn according to: 
(1) Each element x E B” appears in a CAA exactly once. 
(2) Each column of a CAA contains exactly one pair of conjugate 
elements x, i E B”. 
(3) All the elements in a row of a CAA belong to the same cycle of the 
corresponding factor. 
For instance, the arrays 
A,(3) = 
and 
A,(4) = 
__-____ 
4 1 2 
5 3 6 
-- -- 
I 7 
are CAA’s of the factors generated by R in G, and G, , respectively. 
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A CAA of a factor F is said to be in proper form if, for every cycle of F, 
the order in which the cycle vertices appear in the corresponding row of 
the CAA is consistent with their cyclic ordering in the cycle. 
It is easily observed that the CAA’s A,(3) and A,(4), given above, are 
both in proper form. 
A factor of G, for which there exists a CAA in proper form will be 
referred to as a proper factor of G, . One readily observes that not every 
irreducible factor is proper. For instance, the factor of G, , with the four 
cycles (0), (15), (3, 6, 13, 10, 4, 9), and (1, 2, 5, 11, 7, 14, 12, 8) is irre- 
ducible but there exists no CAA in proper form for this factor. However, 
if for a given factor F of G, there exists a representative set QF which 
is also a o-set of G, , then such a factor F is proper. To show this, suppose 
QF is a v-set of G, and consider one period of the sequence (QFrk}. Let 
QF(j), j = l,..., p, be the p distinct sets of {QJk> such that QF(j + 1) = 
Q,(j) r for j = I,..., p - 1, and QF(l) = QF(p) r. Each of these p sets 
is a v-set of G, and has exactly one vertex from each cycle of F. Let the 
cycles of F be numbered from 1 through c(F) and let the elements of 
Q,(j) be arranged in a column AF*(j) of c(F) rows, with the vertex 
belonging to the i-th cycle appearing in the i-th row of A,*(j). Consider 
the (c(F) by p) array AF* formed by the p columns AF*(j). It is clear that 
if an element y follows an element x in a row of A,* and x # y then y 
is the successor of x in the corresponding cycle of F. Let an element of 
A,* be called essential if the column to which it belongs also contains 
the conjugate of that element. It is further clear that if an element x of 
A,* is not essential then the element next to it in the same row is also x. 
(Note: The first column of AF * is considered to be next to the last column 
of A,*.) Consider now the partially filled in array A, obtained by deleting 
all non-essential elements from A F*. For instance, the essential part of 
the periodic array which follows the corollary in Section 2, is: 
21 
-i- 
3 ’ 
A,= ,-- 
10 
~- 
11 7 
-- 
l l5 
~-. 
5 
---- 
14 13 
---- 
l ’ 
I I I i 
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One readily observes that the only feature in which such an array A, 
differs from a CAA in proper form is that some columns of A, may 
contain more than one pair of conjugate elements. However, if every 
column of AF which contains m > 1 conjugate vertex pairs is replaced 
by m columns, each with a different one of those m conjugate pairs, the 
resulting array AF would be a CAA in proper form of F. 
The above discussion proves the necessity part of: 
THEOREM 2. Conjecture 2 is validfor a given n $G, has a proper factor. 
The sufficiency part of this theorem may readily be verified by reversing 
the above construction of A, from A,*. Given a CAA in proper form AF , 
we first obtain the array A, by merging every maximal subset of non- 
overlaping, consecutive columns of A, into a single column. Considering 
next the resulting array ?i, as the essential part of a completely filled in 
array A,*, the latter may easily be reconstructed. Each column AF*(j) 
of A,* contains now c(F) vertices which form both, a representative set 
of F and a a-set of G, . 
Theorem 2 reveals the dependence of Conjecture 2 on the adjacency 
relations among cycles forming an extremal factor. It also provides an 
alternative test for all three conjectures by looking for a CAA in proper 
form for the factor of G, whose cycles are generated by the operator R. 
(It is readily observed that this factor is irreducible and, therefore, pos- 
sesses a CAA.) The adjacency relations among the cycles of this particular 
factor have been examined and it turns out that the underlying structure 
of these relations is simple enough to make one believe in the existence 
of a CAA in proper form for this factor. The main results which lead to 
this conclusion are presented below. 
A conjugate vertex pair (x, 9) shared by a pair of adjacent cycles C, 
and C, will be referred to as a join linking C, and C, . An important 
aspect of the adjacency relations among the cycles generated by R (in 
short, R-cycles) is the following: 
THEOREM 3. For every n, there are at most two joins linking a pair of 
adjacent R-cycles in G, . 
Proof. Regarding the n-tuples (x1 ,..., x,) E B” as row vectors over 
GF(2), the operator R may be represented by a square matrix R = (rij) 
of order n, with rllz = ri(i-l) = 1, i = 2 ,..., II, and rij = 0 elsewhere. Let 
ui = (uij) denote the i-th unit vector in the binary n-space, that is, uii = 1 
if j = i and uij = 0 otherwise. Consider a pair of adjacent R-cycles C, 
and C, in G, and suppose that these cycles are linked by more than two 
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joins. Let (x, $)), (y, $), and (z, 2) be any three of the joins linking C, and 
C, , with x, y, z E C, and 9,5,2 E C, . We have: y = xRi, z = xR” and 
5 = $Rj, 2 = 2Rt for some integers i, j, s, and t, and hence 
x @ i = U1) (5) 
y@9 = xRi@2Rj = ul, (6) 
~a.2 = xRs@PRt = ul, (7) 
where @ indicates addition modulo-2. 
Eliminating x and 2 from (5) (6), and (7) we obtain: 
u,(Ri @ R’ @ R” @ Rt @ Ri+t @ Rj+“) = 0. (8) 
Since x, y, and z are supposed to be distinct and R” is the unit matrix, it 
can readily be shown that (8) leads to a contradiction and, hence, the 
theorem. 
Another important property of the R-cycles refers to the case in which 
a cycle C has a double join linking it to two other cycles C, and C, . The 
question of interest in this case is whether the two joins of C to C, “inter- 
fere” with the two joins of C to C, . By interference we mean the following: 
Let (a, 6) and (b, 6) be the joins linking C to C, and let (c, c^) and (4 2) 
be those linking C to C, . If a, b, c, d E C then the joins of C to C, are 
said to interfere with the joins to C, if the cyclic ordering among the 
vertices a, b, c, and din C is either [a, c, b, d] or [a, d, b, c], i.e., if a and b 
are separated by c and d. 
By using the same technique as in the proof of Theorem 3, it can be 
shown that: 
THEOREM 4. For every n and for every three R-cycles C, C, , and C, 
of G, such that both C, and C, have a double join to C, the joins of C to Cl 
do not interfere with those to C, . 
Finally, we observe that all the n-tuples belonging to the same R-cycle 
have the same weight (number of non-zero components) and that there 
is a unit difference in the vertex weights of adjacent R-cycles. This implies: 
THEOREM 5. If [C, ,..., C,] is a closed sequence of k R-cycles in G, 
such that Ci is adjacent to Cifl , i = I,..., k - 1, and CI, is adjacent to Cl , 
then the number k is even. 
In particular, if C, C, , and C, are R-cycles in G, such that C is adjacent 
to both C, and C, then the cycles C, and C, are not adjacent. 
The relevance of Theorems 3, 4, and 5 to the problem of whether the 
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R-cycles form a proper factor of G, for every IZ is obvious. It is believed 
that a further study of the adjacency relationships among the R-cycles 
will eventually lead to a complete resolution of this problem. 
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